We present the results of direct numerical simulations of flow patterns in a lowPrandtl-number (P r = 0.1) fluid above the onset of oscillatory convection in a Rayleigh-Bénard system rotating uniformly about a vertical axis. Simulations were carried out in a periodic box with thermally conducting and stress-free top and bottom surfaces. We considered a rectangular box (L x ×L y ×1) and a wide range of Taylor numbers (750 ≤ T a ≤ 5000) for the purpose. The horizontal aspect ratio η = L y /L x of the box was varied from 0.5 to 10. The primary instability appeared in the form of two-dimensional standing waves for shorter boxes (0.5 ≤ η < 1 and 1 < η < 2).
I. INTRODUCTION
Rayleigh-Bénard system rotating uniformly about a vertical axis [1] [2] [3] [4] [5] [6] [7] [8] [9] is an interesting problem for studying pattern-forming instabilities and bifurcations, [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] chaos, 26, 27 and turbulence 28 in addition to its potential applications in rotating cryogenics. 31 The rotation about a vertical axis introduces Coriolis force as well as centrifugal force 32 in the flow. Rubio,
Lopez & Marques 27 showed interesting effects of the centrifugal force even for small values (∼ 10 −2 ) of the Froude number F r, which is a ratio of the centrifugal force to the force of buoyancy. The Coriolis force is known to break the mirror symmetry of the convective flow patterns 2, 6 even at small rotation rates. Chandrasekhar 3 analyzed the effects of Coriolis force on the onset of convection in a Rayleigh-Bénard system. The linear theory of Chandrasekhar predicted the onset of Rayleigh-Bénard convection (RBC) through a stationary instability for fluids with Prandtl number P r > 0.667 for all rotation rates. The selection of patterns is, however, a purely nonlinear phenomenon, and cannot be determined by a linear theory. The non-linear analysis of the problem by Küppers and Lortz 10 (KL) showed that (i) a set of parallel rolls was the steady state solution at the instability onset for the dimensionless rotation rates (Ω) below a critical value Ω (P r), and (ii) the convection was always unsteady at the instability onset for Ω ≥ Ω . This led to interesting pattern dynamics. A set of parallel rolls was found to be replaced by another set of parallel rolls oriented at an angle of about 60
• with the old rolls [12] [13] [14] 25 for Ω ≥ Ω . The change in orientation of rolls was because of noise. The linear theory of Chandrasekhar also predicted the possibility of oscillatory convection at the onset for P r < 0.677 at dimensionless rotation rates above a critical value Ω c (P r). For a fluid with P r = 0.63, the critical value T a c of the Taylor number T a = 4Ω 2 is equal to 2.58 × 10 5 . However, the oscillatory convection may appear at small or moderate rotation rates for low-Prandtl-number fluids. The previous investigations on instabilities and bifurcations above the onset of oscillatory Rayleigh-Bénard convection in fluids rotating uniformly about a vertical axis 6, 7, [15] [16] [17] [18] were done in small simulation boxes.
Low-Prandtl-number convection [33] [34] [35] [36] [37] [38] is relevant for geophysical 39 and astrophysical 40 problems. The estimated value of P r for Earth's molten core 36 is approximately equal to 0.1. The molten outer core and the inner solid core are separated by a transition zone, which itself is in liquid state. The other transition zone between the molten core and the lower mantle is also highly viscous and deformable. The transition zones on the two sides of Earth's molten core have discontinuities, and they keep drifting non-uniformly. The boundary conditions for the velocity and the temperature fields are complex on these bounding surfaces. The boundaries of the "convective zone" in stars (P r ≈ 10 −8 ) are also complex.
The numerical simulations to investigate the phenomenon of thermal convection in Earth's molten core, or in the convective zones of a star, are usually done either with no-slip or free-slip (stress-free) boundary conditions on the velocity field. The no-slip conditions are appropriate where the bounding surfaces are rigid and stationary. The predictions of the simulations with no-slip boundary conditions have the advantage of being verified in controlled laboratory experiments. However, the stress-free boundary conditions may be a more useful approximation on a boundary between two liquids with a large difference in their viscosities. Goldstein and Graham 41 achieved almost stress-free boundaries in experiments.
The famous KL instability 10 was predicted and understood for the first time by considering stress-free boundary conditions. In addition, the idealized boundary conditions are useful in developing simple models to investigate details of bifurcations qualitatively. Both types of boundary conditions are useful for better understanding of the natural convection in geophysical and astrophysical problems in the absence of exact boundary conditions.
We present, in this article, the results of our investigations of the role of Coriolis force on the convective instabilities near the onset of Rayleigh-Bénard convection (RBC) in a lowPrandtl-number fluid rotating uniformly about a vertical axis. We have considered P r = 0.1, which is relevant for Earth's molten core. The onset of convection is then oscillatory 3 at relatively smaller rotation rates. Our aim is to investigate the effects of the Coriolis force on the onset of RBC when the conduction state becomes unstable via an oscillatory instability.
We have carried out direct numerical simulations (DNS) of three-dimensional flows in a box with thermally conducting and stress-free top and bottom surfaces for the purpose.
The stress-free boundary conditions also allowed us to investigate the effects of Coriolis force on the instabilities and bifurcations 35, 38 observed in low-Prandtl-number fluids without rotation. Simulations were done in a box of size L x × L y × 1 for a wide range of Taylor numbers (750 ≤ T a ≤ 5000). The ratio η = L y /L x of the horizontal dimensions L y and L x of the simulation box was varied in a range of η (0.5 ≤ η ≤ 10). This enabled us to investigate the nonlinear interactions between two sets of rolls of different wavelengths and at different orientations. The simulations done show the appearance of convection in the form of two-dimensional standing waves in smaller boxes (0.5 ≤ η < 1 and 1 < η < 2).
We observe fluid patterns, which vary quasiperiodically in time, at the instability onset in simulation boxes with η = 1 and η = 2. We observe three-dimensional (3D) patterns just above the onset of convection for 750 ≤ T a ≤ 1114 in a simulation box with square cross-section (η = 1). These patterns describe a nonlinear superposition of two sets of mutually perpendicular rolls. The two largest Fourier modes W 101 and W 011 show amplitude modulation with time. The amplitude and the frequency of modulation of both the modes are found to be equal. In a small window of Taylor numbers (1115 ≤ T a < 1125), the primary instability displays temporally chaotic behavior. The chaotic flow becomes once again quasiperiodic at T a = 1125. However, the amplitude and the frequency of modulation of both the modes W 101 and W 011 are unequal in this case. The resulting patterns are cross-rolls varying quasiperiodically in time. The amplitude of W 011 decreases with further increase in T a. A bifurcation from three-dimensional quasiperiodic flow to two-dimensional (2D) periodic convection occurs at the primary instability for T a = 2700. The 2D oscillatory rolls continue to exist until T a = 5000. We also present a low-dimensional model constructed for a square simulation box. In a box with rectangular cross-section (η = 2), we observe the appearance of convection as 3D waves varying quasiperiodically in time for all values of T a considered here. Three-dimensional (3D) temporally chaotic convection is observed at the instability onset in longer boxes (2 < η ≤ 10). The convective patterns at the onset show a chaotic competition between two sets of rolls oriented at an angle φ = π 2 − arctan (η −1 ), as observed in KL instability. However, the sequence of convective patterns during KL type instability consist of rolls, rhombic patterns, and oblique wavy rolls just above the primary instability.
II. HYDRODYNAMICAL SYSTEM
We consider a thin layer of a Boussinesq fluid of mean density ρ • , thermal expansion coefficient α, kinematic viscosity ν and thermal diffusivity κ confined between two conducting horizontal surfaces separated by a distance d. The whole system is supposed to be rotating uniformly about a vertical axis with uniform rotation rate Ω 0 . The bottom surface is uniformly heated, while the top surface is uniformly cooled. An adverse temperature gradient β = ∆T /d is imposed across the fluid layer by maintaining a temperature difference ∆T across it. We have considered convection near the onset in a low-Prandtl-number (P r = 0.1) fluid with the Boussinesq parameter δ = αβd ∼ 10 −2 for dimensionless rotation rate 27 < Ω < 36. given by,
where Prandtl number P r = ν/κ, Rayleigh number Ra = gαβd 4 /νκ and Taylor number T a =
2 , where g is the gravitational acceleration. The boundary conditions at thermally conducting and stress-free bounding surfaces located at z = 0, 1 are: 
The critical Rayleigh number R • (T a, P r) and the corresponding wavenumber k • (T a, P r) for the oscillatory convection are:
The angular frequency ω • (T a, P r) of the oscillatory convection is given by the expression:
It is always real, and Ra • (T a, P r) < Ra c (T a) in a fluid with P r = 0.1, if T a > T a * = 728.
The conduction state therefore loses stability via oscillatory instability, if T a > 728 in a fluid with P r = 0.1.
III. NUMERICAL SIMULATIONS
The velocity, temperature, and pressure fields are expanded as:
θ(x, y, z, t) = l,m,n
p(x, y, z, t) = l,m,n
where U lmn (t), V lmn (t), W lmn (t), Θ lmn (t), and P lmn (t) are the Fourier amplitudes in the expansion of the fields v 1 , v 2 , v 3 , θ, and p respectively. k = k xx + k yŷ is the horizontal wave vector of the perturbations. The integers l, m, n can take values consistent with the continuity equation (Eq. 3). This leads to the condition:
We allow all the modes, which are compatible with Eq. 13, in our simulation. Perturbations with the critical wavenumber k • (T a, P r) for the oscillatory convection are the most dangerous ones, as soon as Ra is raised above its critical value Ra • (T a, P r). In addition, perturbations with long wavelengths are always present in larger containers. We therefore set k x = k • , and treat k y = q as a parameter. Simulations are done in a rectangular box of
in a wide range (0.5 ≤ η ≤ 10) for each value of T a. Varying the parameter η allows us to investigate the nonlinear interactions of perturbations of different wavelengths with 2D rolls.
We numerically integrate the hydrodynamic system (Eqs. 1-3) with the boundary conditions (Eq. 4) using pseudo-spectral method. 42 The code is validated for low-Prandtl-number RBC with and without rotation. The limit of zero-Prandtl-number RBC 35 without rotation was investigated in detail by Pal et al. 37 after validating the code with the results of Thual
35
for stress-free boundary conditions. The turbulent flow in low-Prandtl-number RBC with uniform rotation was studied using the code by Pharasi et al. 30 after reproducing the results of King et al. 29 for P r = 1. We have used three spatial grids (64 3 , 64 × 128 × 64 and 128 3 )
for our simulations. A standard fourth order Runge-Kutta (RK4) scheme with step size δt = 0.0005 was used for time advancement. Simulations for different values of T a were carried out with small random initial conditions and were continued until a steady state was reached. The Fourier modes U 00n and V 00n , which are responsible for the mean horizontal flow, are not generated in the simulations for all the values of T a considered here. The convective flow was assumed to be steady, if the temporal behavior of the box averaged kinetic reduced Rayleigh number r = Ra/Ra • (T a, P r) was raised in small steps (0.005 ≤ ∆r ≤ 0.1)
for a fixed value of T a. The simulations showing temporally quasiperiodic states were first done on 64 3 grids for more than three hundred viscous diffusion time. Then the final values of all the fields were used as initial conditions on 128 3 grids for more than one hundred dimensionless time unit. Similar spatial grids were used for longer simulation boxes.
IV. RESULTS AND DISCUSSIONS
The convective patterns, computed from DNS, just 0.5% above the onset of convection are listed in Table I . For shorter periodic boxes (0.5 ≤ η < 1 and 1 < η < 2), we observe the (c)] show the two largest peaks at frequencies f (1) and f (2) (< f (1) ), which differ slightly.
The difference between the two frequencies ∆f = (f (1) − f (2) ) is the frequency of amplitude modulation. There are many smaller peaks in the spectra at frequencies f (1) ± j∆f and Both E and N u show a bifurcation at T a = 1114 ± 0.5.
for P r = 0.1 in Fig. 4 . The heat flux due to convection N u − 1 remains small, as expected at smaller values of the Prandtl number P r [see, Fig. 4 (a) ]. It increases initially with T a, and reaches a peak at T a = 1114. It then decreases slightly with increasing T a, and again starts increasing monotonically with T a. The variation of the maximum of kinetic energy E with T a [Fig. 4 (b) ] shows exactly the same behavior. The peaks at T a = 1114 in the plots of both N u − 1 and E with T a indicate a bifurcation.
The largest and the second largest peaks in the power spectrum of Fourier mode W 101 (see, the third row of Fig. 3 ) are located at frequencies f (1) 101 and f (2) 101 , respectively. The two frequencies differ only slightly. Similarly, the power spectrum of the Fourier mode W 011
shows the largest and the second largest peaks at frequencies f ∆f 101 and ∆f 011 are always identical until T a = 2700. f
101 keeps increasing with T a, but f
101 and f
011 do not exist for T a ≥ 2700. The symbols ' ' and '•' are data points computed from DNS for modes W 101 and W 011 , respectively.
(η = 1). Both the frequencies for two modes remain exactly the same till T a ≤ 1114, and become slightly different at T a ≥ 1115 [see the inset of Fig. 5 (a) ]. The maxima of the Nusselt number and the kinetic energy also showed peaks exactly at T a = 1114 (Fig. 4) .
This behavior continues till T a < 2700. Only the frequency f
101 exists for T a ≥ 2700, which then increases monotonically with T a. Figure 5 (b) shows the variation of frequencies f (2) 101 and f (2) 011 with T a. They also remain initially equal, and then become unequal at T a ≥ 1115. Both the frequencies for two modes exist only for T a < 2700. Figure 5 (c) with T a. The maxima of modes W 101 and W 011 remain exactly the same until T a ≤ 1114.
They show a peak at T a = 1114 and become unequal for T a ≥ 1115. The maximum of W 101 first decreases slightly, and then starts increasing once again with T a, while the maximum of W 011 decreases monotonically with increasing T a. The mode W 011 vanishes at T a = 2700.
The mode W 101 keeps increasing monotonically with T a, as T a is raised further. to the y axis. Considering only the critical modes, the fields v 3 and ω 3 may be written as: The horizontal velocities v 1 and v 2 may be obtained using the following relations:
The expressions for the horizontal velocities v 1 and v 2 are given by,
This clearly shows that all the velocity components are nonzero, if the vertical vorticity is nonzero. In fact, it is the velocity v 2 that breaks the mirror symmetry of the steady 2D rolls parallel to the y axis. 
B. Patterns in a rectangular box (η ≥ 2)
We now present the results of our simulations in a rectangular box (η = L y /L x ≥ 2). We begin with the results of DNS for η = 2. The temporal variations of the two largest Fourier modes W 101 and W 021 , the convective heat flux (N u − 1), and the kinetic energy E near the instability onset are displayed for T a = 750 and P r = 0.1 in Fig. 9 . The convection is temporally quasiperiodic at the onset (see the first column of Fig. 9 for r = 1.005). The amplitude modulations of the Fourier modes W 101 [ Fig. 9 (a) ] and W 021 [ Fig. 9 (b) ] are out of phase. However, the convective heat flux (N u − 1) [ Fig. 9 (c) ] across the fluid layer and the kinetic energy E [ Fig. 9 (d) ] are in phase. The mid-plane contour plots of the temperature field at the instability onset for the simulation box with η = 2 are displayed in Fig. 10 . The convective patterns (Fig. 10 ) are quasiperiodically oscillating cross-rolls (QPCR), as observed in a square box (Fig. 1) . The period of amplitude modulation decreases with increase in r [see Fig. 9 (e) -(h)]. As r is raised to a value just 3% above the threshold for oscillatory convection, the flow becomes chaotic in time (see the third column of Fig. 9 ).
The chaotic behavior was also predicted by Dawes 18 at the onset for much higher values of T a (≥ 9 × 10 4 ) in a fluid with P r = 0.1. We observe the chaotic flow at a much smaller value of T a, and it occurs as a secondary instability. We observe an interesting change in the fluid pattern dynamics at the instability onset for η = 4 (see Fig. 11 ). Two sets of rolls inclined at an angle of φ = π/2 − arctan (k y /k x ) compete with each other. The patterns vary in time chaotically. We observe a gradual transition from one set of wavy rolls oriented along the x axis to another set of rolls oriented at an angle of approximately 76
• with the x axis. We observe rhombic patterns during the transition. Figure 12 gives the details of the two largest Fourier modes W 041 and W 111 for patterns shown in Fig. 11 . The temporal variation of both the modes [see, Fig. 12 
V. A LOW-DIMENSIONAL MODEL FOR SQUARE BOX
We now construct a low-dimensional model for the Rayleigh-Bénard convection with rotation in a square box (η = 1). We first recast the hydrodynamic equations in a convenient form for this purpose. We operate by curl twice on Eq. 1 and use the equation of continuity (Eq. 3). The equations for the vertical velocity v 3 and the vertical vorticity ω 3 are then given by,
The equation (Eq. 2) of temperature field remains unchanged. The spatial dependence of all the fields is expanded in terms of Fourier series with appropriate horizontal and vertical boundary conditions. The Fourier modes found to carry higher energy in the direct numerical simulations (DNS) are retained for the construction of the low-dimensional model. The vertical velocity v 3 , the vertical vorticity ω 3 and the temperature θ fields are expressed as: 
θ 3 (x, y, z, t) = [θ 101 (t) cos kx + θ 011 (t) cos ky] sin πz + θ 112 (t) cos kx cos ky sin 2πz
Projecting the hydrodynamical equations (Eqs. [17] [18] 
where
2 ), and χ = 64π suggest that the amplitude equations need to consider the distortions of fields even at the instability onset in low-Prandtl-number fluids in larger boxes and at higher rotation rates.
VI. CONCLUSIONS
We have investigated the effects of the Coriolis force on the convective patterns near onset of oscillatory convection in a Rayleigh-Bénard system (P r = 0.1) with stress-free top and bottom surfaces, and rotating uniformly about a vertical axis. We have considered several values of the horizontal aspect ratio η. For shorter boxes (0.5 < η < 1 and 1 < η < 2), the primary instability appears in the form of two-dimensional periodic standing waves for a wide range of the Taylor number T a. The locations of up-flow and down-flow keep alternating periodically. The convective patterns at the primary instability in small containers of horizontal aspect ratios η = 1 and 2 are interesting. The patterns at the primary instability in a square box (η = 1) depend on the value of T a. The patterns may be due to a competition between two sets of rolls having identical modulation amplitudes for smaller values of T a, or due to a competition between two sets of rolls with unequal modulation amplitudes for relatively higher values of T a, or two-dimensional periodic standing waves for further higher values of T a. The convective flow also shows stationary as well as oscillatory square patterns for η = 1, if the Rayleigh number Ra is raised keeping T a fixed. The patterns at the primary instability, in a rectangular box (η = 2), are due to quasiperiodic competition between two sets of rolls in mutually perpendicular directions for a wide range of T a. The primary instability is always found to be chaotic in rectangular boxes with 4 ≤ η ≤ 10. The patterns are due to a competition between two sets of rolls oriented at some angle in the horizontal plane. These patterns have similarity with the pattern dynamics observed due to KL instability. However, the patterns near the onset of oscillatory convection appear due to a dynamical chaos rather than the noise as in the KL instability. The chaotic competition between a set of straight rolls and another set of oblique wavy rolls is initiated due to the excitation of the wavy modes in low-Prandtl-number fluids. Rhombic patterns are observed during the change in orientation of the rolls. The angle φ between the two sets of chaotically competing rolls is given by φ = π/2 − arctan (k y /k x ).
